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Abstract
We study the theta dependence of the glueball spectrum in a strongly coupled cousin of large N gluodynamics defined via the
AdS/CFT correspondence. By explicitly diagonalizing the 10d gravity equations in the presence of the RR 3-form and 1-form
fluxes we found a mixing pattern for the lowest-spin lightest glueballs. The mixing between the scalar and pseudoscalar states is
not suppressed, suggesting that the CP-odd effects persist in the large N theory. As a consequence, the lightest mass eigenstate
ceases to be a parity eigenstate. We found the former as a linear combination of a scalar and pseudoscalar glueballs. On the
other hand, the mass eigenvalues in a theory with and without the theta term remain equal in the large N limit.
 2005 Elsevier B.V. Open access under CC BY license.1. Introduction and summary
QCD in the limit of a large number of colors,
N → ∞, is expected to contain a great deal of infor-
mation on confinement [1]. In this limit gluons domi-
nate the partition function and confinement should be
easier to study in the theory without quarks. The sub-
ject of the present work is large N gluodynamics (i.e.,
QCD without quarks) with a nonzero theta term. Ob-
servationally, the theta parameter, if not zero, should
be truly tiny, θ < 10−9, and, studies of the theta depen-
dence in the large N theory may seem less motivated.
However, this is not so because of the following argu-
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veals a rich ground state structure with multiple vacua
separated by domain walls [2–5]. This by itself is an
extremely interesting manifestation of nonperturbative
physics in a non-Abelian gauge theory. Moreover, cer-
tain remnants of the large N vacuum structure are
expected to be present in real QCD too. Examples of
this include the heavy nonperturbative states that make
the domain walls [6], and new properties of axion and
hadronic domain walls in a theory where the strong CP
problem is solved by the axion mechanism (for recent
summary see Ref. [7]).
The theta term enters the QCD action suppressed
by one power of N compared to the gluon kinetic
term. This may seem to indicate that no theta depen-
dence should survive in the large N limit. For instance,
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the theta dependence that is suppressed as exp(−N).
However, there is a body of evidence (lattice and oth-
erwise) suggesting that this is not so. The best example
is the theta dependence of the vacuum energy [2,3,
8,9] which is of order O(N0). This dependence can
only be attributed to certain infrared effects that are
not captured by a dilute instanton gas approximation.
The related issue that has not been explored so far is
the theta dependence of the spectrum of glueballs in
this theory. Masses of glueballs are generated by nop-
erturbative effects as well [10]. Similar effects could
in general introduce the theta dependence in the spec-
trum even in the large N limit. In particular, we did
not find convincing arguments to believe that the theta
dependence would be completely washed out from the
spectrum in the large N limit. How would one study
these issues in more detail?
The theta term introduces a complex phase in the
euclidean formulation of the partition function of a
theory the action of which is otherwise real and pos-
itive semidefinite. Because of this lattice studies of
these issues seem difficult (as an exception, see, e.g.,
[11]). One way to address the question of the theta
dependence of glueballs is to use the AdS/CFT corre-
spondence [12–14] adapted to nonsupersymmetric and
nonconformal theories (for a review see, [15]). A well-
known drawback of this approach is that it only allows
to calculate gauge theory observables for a strongly
coupled cousin of large N gluodynamics which in ad-
dition contains states that are not present in QCD.
However, in the large N limit the effects of the ad-
ditional states on QCD resonance physics should be
minimized, and in the absence of other methods this
seems to be a reasonable starting place.
In the main part of the work we study the theta
dependence of the glueballs by looking at the IIA con-
struction of N D4-branes with one compact worldvol-
ume dimension [16] and a nonzero bulk RR 1-form
flux. The latter gives rise to the theta dependence in
the dual gauge theory [3]. In this setup we manage to
diagonalize exactly the bulk gravity equations for the
fluctuations of a graviton, dilaton and RR 1-form. The
diagonalization of the gravity equations suggest the
following remarkable pattern for the theta dependence
of the gauge theory glueballs. The lowest scalar (0++)
and pseudoscalar (0−+) glueballs mix. There are ki-
netic as well as mass mixing terms both of which aredetermined by θ . The system of glueballs can be diag-
onalized by shifting the field of the lightest spin-zero
state by a field that is proportional to the heavier spin-
zero glueball multiplied by θ . Interestingly enough,
the above diagonalization can only be achieved by
shifting the field of the lightest spin-zero state, which
in gluodynamics is necessarily the 0++ glueball [17].
The heavier state remains intact. This property, as we
will discuss in Section 4, is vital for the applicability
of the method of the calculation. After the diagonaliza-
tion, the lowest mass eigenstate ceases to be a parity
eigenstate. The mixing between the parity eigenstates
is a leading effect in large N (i.e., it is not suppressed
by powers of N ). However, the masses of the physi-
cal (diagonal) states in a theory with and without the
theta term are the same. Hence, the only effect of the
theta term in the leading large N limit is that the low-
est mass spin-zero state becomes a mixed state of 0++
and 0−+ glueballs. The periodicity of the wavefunc-
tion with respect to θ → θ + 2π(integer) is achieved
by choosing appropriate branches of the theory in a
way that also makes the vacuum energy periodic in θ
[2,3].
2. D4 soliton with RR 1-form flux
In order to study the theta dependence of glueballs
from the gauge/gravity correspondence we consider
the dual supergravity description of pure U(N) gauge
field theory introduced in [16]. In this setup one starts
with weakly coupled type IIA superstring theory in
the presence of N D4-branes. The D4 soliton back-
ground solution relevant for this discussion is obtained
by compactifying on a circle of radius M−1KK one of the
4 spacial directions of the 4-brane solution and by tak-
ing the near horizon limit. The effect of the compact-
ification in the D4-branes worldvolume theory is that
the fermions acquire masses of order MKK at tree level
due to the antiperiodic boundary conditions and so do
the scalars due to loops. The worldvolume theory at
energies below MKK is then 4-dimensional nonsuper-
symmetric nonconformal U(N) gauge theory. Thus
we proceed to review the D4 soliton solution and how
the effect of a theta term is incorporated.
The low energy effective action of type IIA super-
strings in the Einstein frame and with vanishing Kalb–
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I = 1
(2π)7l8s
∫
d10x √g
[
g−2s
(
R− 1
2
∂Mφ∂
Mφ
)
(1)− 1
4
e3φ/2F 2(2) −
1
48
eφ/2F 2(4)
]
,
where ls and gs are the string length and coupling con-
stant and F(2) and F(4) are the field strengths of the RR
1- and 3-forms, respectively. From these, the equations
of motion for the metric, dilaton and 1-form follow:
g−2s
(
RMN − 12∂Mφ∂Nφ
)
= 1
2
e3φ/2
(
FPMFNP −
1
16
gMNF
2
2
)
(2)− 1
48
eφ/2
(
4FMRST FRSTN −
3
8
gMNF
2
(4)
)
,
g−2s
1√
g
∂M
(√
ggMN∂Nφ
)
(3)= 3
8
e3φ/2F 2(2) +
1
48
eφ/2F 2(4),
(4)∂M
(√
g eφ/2FMN
)= 0.
The so-called D4 soliton is given by the following Ein-
stein frame metric, dilaton and constant 4-form
ds2 =
(
R
U
)3/8[(
U
R
)3/2(
f (U)dτ 2 + dxµ dxµ
)
(5)+
(
R
U
)3/2 dU2
f (U)
+ R3/2U1/2 dΩ24
]
,
eφ =
(
U
R
)3/4
, F(4) ∼ g−1s 4,
(6)R3 = πgsNl3s , f (U) = 1 − (UKK/U)3,
where xµ, µ = 1, . . . ,4, are the Euclidean coordinates
of the noncompact directions and τ denotes the coor-
dinate along the compactified circle on the D4 world-
volume. dΩ24 and 4 are the line element and volume
form on a unit 4-sphere and U is the coordinate on the
radial direction transverse to the D4 branes. In order to
avoid a conical singularity at U = UKK, τ is identified
with period ∆ ≡ 2πM−1KK = 4πR3/2/3U1/2KK .
The supergravity description is valid in the regime
of small curvatures (in string length units) and string
coupling, namely
(7)l2sR 1, gseφ  1.The latter implies a maximum value Umax of the ra-
dial coordinate that should therefore be much larger
than the parameter UKK [18]. This regime corresponds
to the ’t Hooft limit of the four-dimensional theory
gYM → 0, N → ∞, g2YMN = fixed  1, where the
identification used g2YM ∼ gslsMKK can be read off
from (24) below.
The theta dependence of this background is ob-
tained by turning on the RR 1-form C(1) in the τ di-
rection [3]:
(8)Cτ = −U
3
KK
∆
θc
U3
,
where θc = θ + 2nπ with integer n and the normal-
ization has been chosen such that
∫
dτ dUFUτ = θc.
Indeed, it is not difficult to see that (8) solves (4) if
the background geometry is not altered by the pres-
ence of this new field. This absence of backreaction
on the geometry is due to the fact that in the large N
limit the contribution from F(2) to (2) and (3) is sub-
leading because the other terms contain extra powers
of g−1s ∼ N .
3. Supergravity modes
In order to find the glueball spectra, we proceed to
study the equations of motion to linear order in the
background of the previous section. In particular we
are interested in the scalar modes that act as sources
for the scalar and pseudoscalar operators of the bound-
ary theory. For the case of vanishing theta this modes
have been identified in [19,20]. In this section we will
find the particular combination that diagonalizes the
supergravity equations of motion when theta is turned
on.
For the metric and dilaton perturbations we con-
sider the following linearization
(9)gMN = gBMN + hMN, φ = φB + δφ,
where gBMN and φB stand for the background values
and the diagonal components of the fluctuations are
parametrized as follows:
(10)hMM = gBMNvNH(U)eikµx
µ
,
(11)δφ = φ0eikµxµH(U).
Respecting the SO(4) and SO(5) symmetries of the
x1, . . . , x4 and S4 directions there are tree scalar fluc-
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spond to the dilaton, 4-sphere volume fluctuation and
the exotic polarization [20] correspondingly. To sim-
plify the expressions we choose kµ = δµ4k4 via an
SO(4) rotation. These are given by
T : vN = 1
4
(
1,−5
3
,−5
3
,−5
3
,1,1,1,1,1,1
)
,
(12)φ0 = 32 ,
L: vN = (−1,−1,−1,−1,−1,−1,1,1,1,1),
(13)φ0 = −23 ,
S: vN = 1
20
(
−31,9,9,9, −98 + 5U
3
−2 + 5U3 ,
−98 + 5U3
−2 + 5U3 ,1,1,1,1
)
,
(14)φ0 = 310 .
The exotic polarization S has also (in the gauge cho-
sen) off diagonal components
(15)hUx4 = hx4U = −i
k4
k2
72U25/8
(5U3 − 2)2 H(U)e
ikµx
µ
.
For each of these polarizations, the function H ≡
T ,L,S respectively satisfies:
(16)U(U3 − 1)T ′′ + (4U3 − 1)T ′ − k2UT = 0,
(17)
U
(
U3 − 1)L′′ + (4U3 − 1)L′ − (k2U − 18U)L = 0,
U
(
U3 − 1)S′′ + (4U3 − 1)S′
(18)− U
(
k2 − 108U
(5U3 − 2)2
)
S = 0,
where, for convenience, we have rescaled the coordi-
nates to form dimensionless quantities, namely
τ˜ = U
1/2
KK
R3/2
τ, x˜µ = U
1/2
KK
R3/2
xµ,
(19)U˜ = U
UKK
,
and dropped the tildes.
Let us now turn our attention to the fluctuations of
Cτ . We linearize the equation of motion for the RR
1-form (4) with fluctuations given by
(20)Cτ = CBτ + χ(U)eikµx
µ
,
where CBτ is the background value.The key point is that the resulting equation can be
decoupled from the metric and dilaton by choosing
(21)χ = 3
2
V + 3θc
2π
f (U)(T + S),
with V satisfying the following equation:
(22)U(U3 − 1)V ′′ + 4(U3 − 1)V ′ − k2UV = 0,
the equation for fluctuations of Cτ in the absence of
theta term. Thus, we were able to diagonalize the su-
pergravity dual of SU(N) gauge theory in the presence
of a CP violating term. This has important conse-
quences that we discuss in the following section.
4. Couplings to boundary theory
We infer the coupling of the supergravity modes to
gauge invariant operators of the four-dimensional field
theory by considering the Born–Infeld action describ-
ing the low energy worldvolume excitations of the D4
branes. The operators of interest for us are fµνf µν
and fµνf˜ µν for Yang–Mills field-strength fµν and its
dual f˜ µν . Neglecting worldvolume scalars it reads (in
string frame)
IBI = T4 Tr
∫
d5x
(
e−φ
√
det(gmn + 2πα′fmn)
(23)+ 1
8
i(2πα′)2mnrstCmfnrfst
)
,
xm = τ, x1, . . . , x4 and T4 = (2π)−4g−1s l−5s . Upon
compactification and expansion to second order the
couplings to the gauge invariant operators are obtained
[19]. We give the expression in Einstein frame:
IBI = ∆4 T4(2πα
′)2
× Tr
∫
d4x
(
e−3φ/4√gττ
√
detgµνf 2
(24)+ 1
2
iCτf f˜
)
.
By neglecting the metric fluctuations proportional
to kµ that give no contribution when contracted with
the conserved energy–momentum tensor of the four-
dimensional field theory we get the following result:
(25)IBI = IBBI +
∫
d4x (ψO4 + χO˜4),
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ground metric and dilaton fields and where we have
defined the scalar and pseudoscalar glueball operators
O4 and O˜4 and the corresponding couplings ψ and χ
as follows:
(26)O4 = ∆
√
f (U)
16π2gsls
fµνf
µν,
(27)O˜4 = 3i∆32π2gsls fµνf˜
µν,
(28)ψ = T + S,
(29)χ = 3
2
V + 3θc
2π
fψ.
Note that the S4-volume scalar fluctuation L decou-
ples.
The AdS/CFT prescription determines the gener-
ating functional for the 4-dimensional field theory in
terms of the low energy effective string theory parti-
tion function for on-shell fields
(30)〈e∫ d4x ϕ0O〉= e−ISG[ϕ],
in which the r.h.s. containing the supergravity action
ISG is used as an approximation to the string theory
partition function and ϕ0 are the boundary values of
the on-shell normalizable supergravity modes ϕ acting
as sources for the field theory operator O. Therefore,
to obtain the glueball spectrum we can consider the
variation of the r.h.s. of (30) with respect to boundary
sources to obtain two point functions. For example, for
pseudoscalar glueballs we would consider the follow-
ing variation
δ
δV0(xµ)
δ
δV0(yµ)
e−ISG[V,ψ]
∣∣∣∣
V0=0,ψ0=0
(31)= 〈O˜4(x)O˜4(y)〉.
On the other hand, for scalar glueballs we find a mix-
ing. Not only both scalars T and S in the combination
ψ act as a source for O4 but also, when θc is nonva-
nishing, ψ sources O˜4. The corresponding two point
function is obtained from the following variation:
(
δ
δψ0(x)
− θc
π
δ
δV0(x)
)(
δ
δψ0(y)
− θc
π
δ
δV0(y)
)
(32)× e−ISG[V,ψ]| = 〈O4(x)O4(y)〉,since f (U) → 1 at the boundary.1
The above results can be summarized as follows.
The field ψ sources a linear combination of the op-
erators O4 and O˜4, while the field V sources only
O˜4. Hence, the diagonalization of the bulk gravity
equations in terms of ψ and V suggests the follow-
ing mixing pattern for spin-zero glueballs: the low-
est state is a linear superposition of a former scalar
and pseudoscalar states while the heavier state is in-
tact (it is just a pseudoscalar state). The mass of the
pseudoscalar state, determined by Eq. (22), is the same
as in the θ = 0 theory (determined in Refs. [19,21]).
So is the mass of the mixed lightest state. Does this
pattern have any special meaning? It seems it does. To
see this consider the following two two-point correla-
tion functions
C(x) ≡ 〈O4(x)O4(0)〉− 〈O4(0)〉2,
and
C˜(x) ≡ 〈O˜4(x)O˜4(0)〉− 〈O˜4(0)〉2.
These correlators can be saturated by the correspond-
ing orthonormal set of physical intermediate states.
Then, the leading behavior of C(x) and C˜(x) at large
euclidean x2 is determined by the corresponding light-
est states. In a theory without the theta term those
states are scalar and pseudoscalar glueballs, respec-
tively. However, once the theta term is switched on
the scalars and pseudoscalars can mix. In general
this mixing could be arbitrary. If so, then the former
scalar state would also contribute to the expression
for C˜(x). However, because the scalar is lighter than
the pseudoscalar (and after mixing it can only become
even lighter), this would mean that C˜(x) at large x2
is completely dominated by the residue of the former
scalar state. If this were true, we would not be able
to determine the properties of the pseudoscalar state
by calculating C˜(x). Fortunately, this does not happen.
The contribution of the physical lightest state (which
is the former scalar glueball) is exactly canceled in
C˜(x), as suggested by the diagonalization of the grav-
ity equations.
1 Eq. (32) makes the values θ = ±π special. This indeed should
be so since one expects spontaneous CP violation to take place for
θ = ±π [2,3]. In our approach the form of Eq. (32) is an artifact of
the normalizations that we choose to use for the bulk fields.
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